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Finite Planar Domains of Smectic a Liquid
Crystals Subjected to
Uniform Pressure and Magnetic Fields

IAIN W. STEWART and GRAEME J. BARCLAY

Department of Mathematics, University of Strathclyde, Livingstone Tower, 26
Richmond Street, Glasgow G1 1XH, Scotland

Theoretical results are presented for finite samples of smectic A liquid crystals subjected to
both a uniform pressure and a magnetic field applied perpendicular to the smectic layers. A
uniform pressure with no field present is also considered. Criteria for suitable boundary con-
ditions are given for planar sample geometries. ‘Grid-like’ smectic layer undulations are
shown to arise as solutions to the governing equilibrium equation.

Keywords: smectic A; layer undulations; Helfrich-Hurault instability

INTRODUCTION

Wo report upon recent theoretical work by the authors!'! for the Helfrich-
Hurault transition in samples of smectic -1 liquid eryvstals in finite rect-
angular and circular domains subjected to both a uniform pressure and a
magnetic field. The incorporation of a pressure term and consideration of fi-
nite houndaries therefore extends the results of HelfrichP and Huranlt#! tor
infinite samples of cholesteries which experience undulations above a critical
magneric field strength: details can be found iu the books by De Gennes
and Prosttt and Chandrasekhar®l. Smectic A4 lquid crvstals are lavered
anisotropic Huids.  Each laver cousists of long molecules whose average
molecular alignment is perpendicular to the lavers. The average alignment
is denoted by the unit vector n. called the director. Typical sample align-
ments are as indicated in Fig.l where we consider either a smectic 4 in
a homeotropic alignment between two plates at a distance d apart in the
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s-direction and of finite dimensions « and b in the r- and y-directions. or a
evlindrical alignment of depth o and radius . as shown in the Figure. A

Tn, b ] P
~L >
||
|

Ty |||||||
=

llll!l N x LU
a =0 —R—
x=0 Xx=a r=R

FIGURE 1 Planar samples of smectic A, The average molec-
ular alignment is parallel to the z-axis and the similarly aligned
molecnles inherent in the smectic A phase form equidistant lay-
ers as shown. A uniform constant pressure 2 is applied across
the sample in the negative z-direction. A magnetic field H mav
also be present in the z-direction.

small uniform constant pressure I is applied in the negative z-direction as
shown and a magnetic field H may also be present in the z-direction. A field
in the r-direction has been discussed elsewherel® using a similar approach
to that presented here: a one-dimensional rather than a two-dimensional
pattern oceurs: this agrees with recent work by Fukuda and Ounukil™

The displacement of the layers is represented in the usual notation by
tu(r.y. 2). The corresponding smeetic 4 bulk elastic energy jsi-»-343

wy = Eu + L-' [(u_,._,. + u,,v,,)2 + 4(41311 - u‘,._,.u.,,y)] . (1)

where B is the smectic laver compression constant and Ay is the usual
clastic splay constant. Thronghout. suffices denote partial differentiation
with vespect to the varfables indicated. For convenience. the parameter
Ads introdieed as A = /K, / B which is a characteristic length of the
naterial. of the order of the smeetie layer thickness. Following De Gennes
and Prost- . for small 1 displacements to the initial alignment ng the divector
n will be given by m = (—u,. —u, 1) with Ju,]. Ju,| < 1. The relevant
magnetic energy when H is applied parallel to the z-axis islH#30,

t 2o 2
wy: = ;\aH"(“f +u,). (2)
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where the constant contribution term has been omitted and A = |H|. No-
tice that there is no minus sign in (2). It is supposed that the diamagnetic
ALISOTIOPY \, 1s negative. in which case the director will be repelled by such
a field and the lavers will compress.

The rotal energy integral over the volume € is

”':,/Q(“v'-‘ -+ ll"\,:)(IQ. (3)

We assume that the laver displacements are of small amplitude and that we
can mwake an approximation for u of the form

=gy sin(%:) vz, y) (4)

with ug a small constant. allowing u to be zero on the boundaries z = 0.4d.
Inserting (1) into (3) gives

P Y .
H’:%r/uj/\v { ? (S) vt I‘;i(_kl')')-f-‘.fl\](l‘:l",”*—l',<,,l‘,,!,)+%\4,[12(l'," + ) dS

(5)
where S is the corresponding region in the ry-plane with boundary ' (for
example. in Fig. L T is either a rectangle or circle). and A is the usual two
dimensional Laplace operator.

We now briefly summarise the method proposed by Stewart!® for incor-
porating a uniform pressure into the model. The work done by the constant
pressure. which is the constant force I’ per unit area in the ry-planc on a
thin laver of smeetic A, is. using (4).

Wy = - / Pudil = ——'21101— / Podrdy. (6)
Ja T Js

The integral 1 = 11"+ 1V is then varied where the variations n(a. y) satisty
i =0 on I'. Applyving the standard variation process we obtain

| A IS A ) .
oI = 3“5(1/ [B (—) z';ﬁj——\,,H‘_Ar] ) dS
Z N

d Ty
Py of 1 2y, . -
+5upd Iy A_/\‘- [;(_&1’) + 2005, — U ,.1',,‘,,)] ds. (M

The variation of the second integral in equation (7) has been discussed in
ereat detail in Landau and Lifshitz™ (Chapter 2). Let v and 1 denote the
it outward normal to I' and the unit tangent vector to I respectively
and suppose that the smectic lavers are simply supportedi®l, in the sense
that ;) must be zero on T while 9ny/dr may be arbitrary. The lavers are
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therefore allowed to possess a “hinge” flexibility with no displacement on T
For variations which vanish on I it can be shown that!®! (see also reference 8.
p12] with o = —1)

. I , , ‘
O./w [;(Af')” +2(g, - "»l"‘y.u)} ds

= /(_\”)1')1/ (/S+f {A1'+2(2 sinfeosfu,, —sin* o, —cos’ f (’,/,/)] ﬂ dl
Js I ‘ P
S ZANS () ) R
- }4[{'0“' + ﬁ {sin0cosB(ey, — )+ (cos’ 0 ~.sm~0);,~,.,,}],,{//. (8)

where 8 is the angle hetween the r- axis and the outward normal v to T
aund A? = A(A) is the bi-harmonic operator. From (7) and (8) it is seen
that at equilibrium, that is when 8/ = 0. we require in 9

S 4P ) L2 -
/ [B <~> = — A+ 1\,_\':} ndsS =10 (9)
AN

d Ty
and. since iy = 0 and dy/di is arbitrary on I

on

beamikt
o

7{ [.&z' +2(2sinfcos ey, — sin? e, —cos* 6 '1',,,,)} il = 0. (10)
I

Equations (9) and (10) are the governing equilibrium equations on S and I°
respectively. For the aforementioned simply supported boundary conditions
the terms between the square brackets in (10) equate to zero on [ when!®#-44

de o dioe
=0, L
‘ wd SR T W )

Equation (11) is quite general for situply supported conditions and will be
applicable for any shape of domain in the ry-plane.

RECTANGULAR DOMAINS

tu the recrangular geomerey of Fip 1. # 1s alwavs a constant and the bound-
ary conditions (11) become

=0 on 1 e =0 on = 0.0a, gy =0 on =00 (12)

The bulk eqguilibrium equation is. from equation (9).

2 \o 2 T\ 47
2o ey, (-—) = ¥
~ I a dA ! L ORI (13)
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A Navier type of solution will now be sought. following the method outlined
by Timoshenko and Woinowskyv-Krieger®?27 Wo write the constant term

in (13) as the double half-range Fourier series,

1P > s o 7
- z Z P, sin (ﬂ> sin (Z;H) . (14)
)

Kymay |, 355 wtas. u

valid on the range 0 < o < a, 0 < y < b, with P, = 7\]—:% This series

clearly satisfies the houndary conditions in (12). The series
x x
_ofmmrN . nmy _
e{r.y) = Z Ay sin (—) sin (———) (15)
[ L b

n=13.5..m= )

when inserted with (14) into (13) is a solution satisfving the boundary
conditions (12) provided

) -1
ma\? N2\ TN \u o ffmmNE nm\2

b= (Y ()Y () (Y )]

" ( a b dA 106 7 b (16)

The coefficient of A, becomes singular as a function of H when I satisfies

2 2 2 2 2!
o ;o mmn nmwy\* T mi n ~
Lt = — — - — .
/\'li ((l ) +(()> +(n’/\> [( u) +(l)>] (17)

The right-hand side of (17

) is minimized with respect to m and n when

(/777()2 (mr)z s (18)
—_— + [ — = —.
a b A
The terms in the series with maximum amplitude are determined from the

maud nowhich give the closest approximation to (18). Also. when (18)
holds the critical value of H is found from (17) to be (recall that \, < 0)

Ho=/-2——. (19)

whiclt is the eritical field result analogous to that for an infinice sample!".
As an example we consider the values (in egs units)

bea=n di=sx10% Ki=10" \,=~-10"7". X=2x10 ". (20)

These values for Ay v, and A are similar to those used in [, p.363] where

dN = 2 x 107" is physically realistic: the above choice for . although
unphysical. will not affect the qualitative aspects of the graphs shown below
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FIGURE 2 Surface and contour plots (cgs units) for the first
ten terms in the series (15) representing the surface displacement
v at the mid-plane for the physical parameters given in the text.

since decreasing d) increases the number of ‘grids’ appearing, as can be
determined similarly to the following. The (odd) values of m and n which
give the closest approximation to #n/dA = 100 are m = n = 7, indicating
that the term involving A, contains the dominant modes as H approaches
H, from below. Since (18) is not identically satisfied for these particular
values, the solution is actually valid until H finally satisfies (17) for m =
n = 7, slightly above the value given by (19). Here, H. = 44.7214 while the
solution actually becomes singular at H = 44.7259.

We examine the surface displacement around the mid-plane z = d/2.
The sum of the first ten terms in the solution (15) with (20) is plotted
for the values of H = 0, and H = H, = 44.7214. Motivated by physical
considerations, we choose P = 1000 (cgs) and set up = 103 ~ 107%d (i.e.
ug is around 1% of depth d). Fig.2(a) shows the solution for H = 0 and
Fig.2(b) is the solution for H = H, = 44.7214. The undulations are largest
near the corners in the zy-plane. At H = H, there is a two-dimerisional
7 x 7 grid-like pattern reminiscent of that depicted in Chandrasekhayl®#-282]
for undulations induced by a magnetic field in cholesteric liquid crystals. A
more physically meaningful value of d\ = 2 x 1078 lends itself to a similar
analysis: e.g. P = 1000, d = 107!, uy = 10~* gives similar plots to Fig.2
except that H, is larger and a much greater number of grids appears as H
approaches H..

RADIAL DOMAINS

We now consider a circular boundary where ¢ and r are the usual polar
coordinates with 0 < ¢ < 2m, 0 < r < R. Tt is not expected that the
solution be ¢ dependent and attention is therefore restricted to v = v(r).
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Since A = r~'9/0r(rd/dr) the equilibrium equation (13) becomes
v 28% 18% 10u x.H? (321) 1 6'0) 4pr m\?
+ ( ) v o= (0.

+ J—
ort  r oy r?or? + 3 or K,

8’(‘2 ;‘5; - 7(K1’LL() ;i-/\—
(21)
The boundary conditions (11) must also apply. We anticipate that the
- /’\\\ ///\\
o \\ 7 \
7 S // \\\
{\‘\ 15000 -~
100
] 10000
so 5000
< [
o L -5000
-3, ARERES 3 -3 -3
_2’:5 1 o -2 - ™ ‘(‘({‘f—z
(a) Pl (&) ?’;,JA.;{

FIGURE 3  The mid-plane displacement v(r) with the pa-
rameters in the text, 0<r <x: (a) H=0, (b) H=44.T~H,.

solution will contain Bessel functions and so we suppose that the solution
is finite at r = 0. The boundary conditions can then be written as

lo(r)l <oo at  r=0, (22)
v 16w
’l)('l‘) = 0, 5—73 - ;'5'; =0 at r=R. (23)
The general solution to (21) is, for arbitrary constants A, B, C and D,

4P(d))*
Kis 3K 1 U
where J; is the Bessel function of the first kind of order zero and Y} is the
Bessel function of the second kind of order zero and § and + are defined by

XaH? xH! m? A2 X H? xaH* m?
2K, 4K? X2 ' T 2K, 4K? M2

The boundary conditions force C = D = 0. We then use conditions (23) to
find A and B by solving

i Bn oS [ 3] )

LI(BR) = B H(BR) RI(YR) - h(YR) || B |~

v(r) = AJo(Br) + BJo(yr) + CYs(Br) + DYy(ryr) +

(24)

g =

(26)
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Jy being the Bessel function of the first kind of order 1. Solving (26) vields

— 4P (dN)? %Ji(jH) —~2Jo(n R) 5 }]’((l)\)"“' %J,(JH) — FI (3R
=N det M ' I det A '

A=

(27)
where det M is the determinant of the coefficient matrix in (26). The above
Bessel funetions cannot be expressed simply when 3 and ~ are complex.
Nevertheless, it can be shown!'! that the solution is veal for all values of H.
[t s easily seen that (24) is real whenever .7 is real which is true whenever
H > H . with H,. as defined above in equation (19). However, when 1 < /],
it is not necessarily true that 3 is veal: f and 5 cau be complex conjugates.

For clarity. we set. B = 7. P = | and use «y = P to display the
qualitative properties of the solution e{r). Figs.3(a).(b) show o{r) when
I = 0and H = 44.7 = H, (cys units). respectively. As for the rectangular
domains. more physically realistic choices for the parameters are possible:
a mnch greater munber of ridges appears as H approaches ..

CONCLUSIONS

A model ias been developed which allows an analvsis of Helfrich-Hurault
laver undulations on finite domains of smectic A liquid crvstals.  Non-
uniform pressures are currently being investigated!!, especially in respect of
the apparent ridges” which appear near the boundaries in the above plots:
recent work indicates that these effects are always present in both the do-
mains considered above even for cases where the Fourler series methods
canuot possibly display Gibhs™ phenomena. The model introduced here has
much to be discussed and exploited in future work.
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