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Finite Planar Domains of Smectic a Liquid 
Crystals Subjected to 

Uniform Pressure and Magnetic Fields 

IAIN W. STEWART and GRAEME J. BARCLAY 

Department of Mathematics, University of Strathclyde, Livingstone Towel; 26 
Richmond Street, Glasgow GI IXH,  Scotland 

Theoretical results are presented for finite samples of smectic A liquid crystals subjected to 
both a uniform pressure and a magnetic field applied perpendicular to the smectic layers. A 
uniform pressure with no field present is also considered. Criteria for suitable boundary con- 
ditions are given for planar sample geometries. 'Grid-like' smectic layer undulations are 
shown to arise as solutions to the governing equilibrium equation. 

Keywords: smectic A ;  layer undulations; Helfrich-Hurault instability 
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I p  

r = R  
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RECTANGULAR DOMAINS 
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FIGURE 2 Surface and contour plots (cgs units) for the first 
ten terms in the Yeries (15) representing the surface displacement 
21 at the mid-plane for the physical parameters given in the text. 

since decreasing dX increases the number of 'grids' appearing, as can be 
determined similarly to  the following. The (odd) values of m. and ri which 
give the closest approximation to  r / d X  = 100 are m = n = 7, indicating 
that the term involving A77 contains the dominant modes as H approaches 
IJ;. from below. Since (18) is not identically satisfied for these particular 
valiies, the solution is actually valid until H finally satisfies (17) for 7ri = 
7) = 7 ,  slightly above the value given by (19). Here, H ,  = 44.7214 while the 
solution actually tieconies singular a t  H = 44.7259. 

We examine the surface displacement around the mid-plaiie z = d / 2 .  
The sum of the first t,en terms in the solution (15) with (20) is plotted 
for the values of H = 0, and H = H, = 44.7214. Motivated by physical 
cwnsiderat,ions, we choose P = 1000 (cgs) and set uo = (i.c. 
uo is around 1%) of depth d) .  Fig.S(a) shows the solution for H = 0 and 
Fig.2(b) is the solution for H = H,  = 44.7214. The undulations are largest 
near the corners in the 29-plane. At H = H ,  there is a two-dimensional 
7 x 7 grid-like patkern reminiscent of that depicted in Charidrasekhar['~~-28zl 
for undiilations induced by a magnetic field in cholesteric liquid crystals. A 
more physically meaningful value of dX = 2 x 10 -' lends itself to  a similar 
ardysis: e.g.  P = 1OOO,  d = lo-.', = gives similar plots to Fig.2 
except that H, is larger and a muc:h greater number of grids appears as H 
approaches H,. 

- 

RADIAL DOMAINS 

We now consider a circiilar boundary where @ and 'r are the usual polar 
coordinates with 0 5 c$ <_ 2 ~ ,  0 5 r _< R. It is not expected that the 
solution be c$ dependent and attention is therefore restricted t,o 1) = ~ ( ' r ) .  
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Since A = r-' a/ar(ra/3r) the equilibriuni equation (13) becomes 

(21) 
The boundary conditions (11) must also apply. We anticipate that the 

F1GUR.E 3 
rameters ir: the text, 0<r<7r: (a) H = O ,  (b) H=44.7=Hc. 

The mid-plane displacement ~ ( r )  with the pa- 

solution will contain Bessel functions and so we suppose that  the solution 
is fiIiiLe at  r = 0. The boundary conditions can then be written as 

lv(r) /  < m a t  T = 0, (22) 

The general solution to (21) is, for arbitrary constants A,  B,  C and 13, 

where Jo is the Bessel function of the first kind of order zero and E; is the 
Brssel function of the second kind of order zero and 13 and y are defined by 

The boundary conditions force C = D = 0. We then use conditions (23) to 
find A and B by solving 
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